In continuation with our preceding paper 3] concerning the superconducting lm, we present in this article new estimates for the superheating eld in the weak limit. The principal result is the proof of the existence of a nite superheating eld h sh;+ ( ) (obtained by restricting the usual de nition of the superheating eld to solutions of the Ginzburg-Landau system (f; A) with f positive) in the case of a semi-in nite interval. The bound is optimal in the limit ! 0 and permits to prove (combining with our previous results) the De Gennes formula 2 ? 3 4 = lim !0
Introduction
This paper is devoted to the analysis of the local minima of the Ginzburg This system (1.2)-(1.5) will be denoted by (GL) 1 in the following sections. The main result of this article concerns the asymptotic behavior of the superheating eld as tends to 0 in this context. We recall that it was de ned as h sh ( ; 1) = sup A 0 (0) :
where the sup was considered over all the solutions (f; A) of the above Ginzburg-Landau system (1.2)-(1.5). Of course, it would have been more suitable to de ne it as the sup over local minima of the functional introduced before in (1.1). It might be smaller but we were unable to attack this point, which in any case does not a ect the results which are presented in this article. We De nition 1.1 :
The superheating eld h + := h sh;+ ( ) is de ned as the supremum of the interval H sh;+ ( ).
We shall indeed prove the analogous of (1.6) for the limsup for this restricted de nition. This will be obtained by establishing rst in Section 2 ne inequalities on the solutions as a consequence of the Maximum principle and the energy conservation.
The main results will be established in Section 3. In Section 4, we shall prove the "main proposition". This corresponds to an improvement of previous results obtained in 3] . It seems rather optimal and exhibits the approximate formula (1. Here our idea will be that, modulo a controlled error, one can replace f(0) by f( ) for a suitable > 0. This idea will be developed in Section 6 where we essentially prove that in the case when h 2 is bounded from below, one can get a corresponding lower bound for f( ) ? f(0), and consequently for f( ), which will be independent of f(0).
This permits the proof of the main theorem which will be given in Section 7. 
As a side remark we observe in particular that at 0
which will be interesting to compare with (2.12).
It can also be useful to get estimates on f 0 and this will be the object of :
If f is a solution of (GL) 1 
Proof of (c):
This is an immediate consequence of (b) by integration of this inequation.
Proof of (d):
This is an immediate consequence of (a) by integration of this inequation. We observe that it is slightly better than what we have stated previously. 1 We met quite recently in a preprint by S.P. Hastings, M.K. Kwong and W.C. Troy 12] a similar inequality in the case of a nite interval.
Main results
The following proposition will be a small improvement of a similar proposition given in 3]: Proposition 3.1 Main Proposition :
For any pair (f; A) solution of (GL) 1 This is interesting to compare with the De Gennes formula. We recall that
for the critical h, we found We have consequently gained some f which will be decisive in order to avoid the 1 appearing in the proof in ( 3] ) and in the proposition stated above.
Using now the energy conservation, we get for any k In order to get the control of the r.h.s., we come back again to the identity expressing the conservation of the energy and we deduce (using also the monotonicity of f proved in Section 2) the following inequality: We shall now use again (4.10) and (2.5) in order to nd a lower bound for and nally (3.1). This ends the proof of the proposition.
About the lower bound
We follow the same idea as in the preceding section, but look now for an inequality for h going in the opposite direction. We shall prove Proposition 5.1 :
For any pair (f; A) solution of (GL) 1 with f > 0, the following estimate is true:
The proof is in the same vein but nally simpler that the main proposition.
We emphasize that no condition on a lower bound for f(0) is present.
Starting from (4.2), we rst get using (2. 6 Lower bound for f (x) In order to control this function, we want to estimate from below f( ), for some suitable > 0. This estimate is needed only in the case when f(0) is small.
What is of course important is to get a f(0)?independent lower bound for f( ).
On the other hand, because we want to estimate the superheating eld, there is no restriction to assume that we are in the case when In the proof of Proposition 3.1, we were estimating from above f by 1 and we got the proposition, but this leads to an upper bound with 1 f(0) which is bad for our purpose. We now concentrate our e orts on an estimate of
By cutting the integral in two parts we obtain for any (7.5) We were using before the case = 0. We now deduce On the other hand, we also need a weak control of f from above. We recall that we can assume that f(0) For small enough, we obtain that f( ) 1 
Conclusion
We have consequently proved a rather satisfactory version of the De Gennes formula. Two points remain to be analyzed in the future in order to be complete. The rst point is to analyze possibly vanishing solutions. The second point will be to prove that the solutions whose existence was obtained in 3] correspond actually to local minima.
Here we have especially paid attention to the case ! 0. But the techniques developed here permit also to treat other asymptotic regims as we shall explain in another paper 5] .
We hope also to analyze more precisely the situation near f(0) = 0 where h 
